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S u m m a r y .  - -  The conditions ensuring the possibil i ty of going over to 
admissible co-ordinates (in the Liclmcrowicz sense) are established for the 
case of co-moving co-ordinates. I t  is proved tha t  the Oppenheimcr- 
Snyder solution is correctly m~tchcd and does not  need modifications. 
At tempted  modifications are shown to bc incorrect. 

1. - I n t r o d u c t i o n .  

5 iuch  has  been  done  b y  LICHNEROWICZ (1), in  t h e  g e n e r a l  case,  and  b y  

ISRAEL (~), in  t he  sphe r i ca l l y  s y m m e t r i c  case,  to  e l u c i d a t e  t he  p r o b l e m  of 

j u n c t i o n  cond i t i ons  which  h a d  been  s t u d i e d  p r e v i o u s l y  b y  SY~GE a n d  O'BRIE5 ~ (3). 

F r o m  t h e  m a t h e m a t i c a l  p o i n t  of v iew,  t h e  m o s t  s i m p l e  a n d  s a t i s f a c t o r y  

exp re s s ion  for  t he  m a t c h i n g  c o n d i t i o n s  is, fo l lowing  L inchne rowicz ,  t h e  as-  

s u m p t i o n  t h a t  t h e r e  ex is t s  a s y s t e m  of co -o rd ina t e s  ca l l ed  a d m i s s i b l e  in  w h i c h  

t h e  m e t r i c  t e n s o r  sa t is f ies  t he  c o n t i n u i t y  cond i t ions  

(1) g i~= (C~, C a ) 

( the  p i eeewi se  c o n t i n u i t y  of t h e  m e t r i c  u p  to  t t le  t h i r d  d e r i v a t i v e  in  a f in i te  

n u m b e r  of s u b d o m u i n s  a n d  t h e  c o n t i n u i t y  of t he  m e t r i c  a n d  i t s  f irst  d e r i v a t i v e s  

across  each  3 - space  s e p a r a t i n g  t w o  subdomuins ) .  

(1) A. IACHNEROW~CZ: Theories relaticistcs de la gravitation et de l¥lectromagt~etisme 
(Paris, 1955). 

(2) W. ISRAEL: Proc. Roy. Soc., A 248, 404 (1958). 
(3) S. 0'BI~IE~ ~ and J. L. SYNGE: Jump conditions at discontinuities in general 

relativity, ill Comm. Dublin Inst. Adv. Stud., A 9 (1952). 
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However ,  wheneve r  these  con t inu i ty  condi t ions  are no t  satisfied at a given 
b o u n d a r y ,  we f~ce a priori  two possibil i t ies:  e i ther  the  m~tch ing  at  this b o u n d a r y  

is incor rec t  or the  m ~ t e h i n g  is correct  bu t  the  co-ordina tes  are no t  admissible.  

I t  is possible in pr inc ip le  to  find out  wh ich  one of the  two possbil i t ies is 
t he  correc t  one by  going  over  to Gaussi~n co-ord ina tes ;  Lic]mero~vicz ]ms shown 

t h a t  Gauss ian  co-ordina tes  ~re admissible  so t h a t  expressed in these co-ordi- 

n~tes it is a lways  possible to  check the  correctness  of the  junct ion  condition~ (]). 
However ,  i t  is no t  a lways  easy to  go over  to  Gauss ian  eo-ordinate.~; solu- 

t ions  are  of ten  expressed  in a s impler  w a y  in non-Gauss ian  co-ord ina tes ;  to  

go over  to  Gauss ian  co-ord ina tes  we have  to  solve a sys tem of part ial-differ-  
en t ia l  equa t ions  which,  more  of ten  th~n  not ,  are ve ry  compl ica ted .  

ISRAEL (e) gives the  junc t ion  condi t ions  for  the  g,k in the  case of cu rva tu r e  

co-ordinates ,  i.e. for  which  the  line e lement  is of the  fo rm 

(2) d s S =  - -  A(r ,  t )dr  2 --r2(dO ~ + sin20 dcF" ) + B(r,  t)dt  2 

(these co-ordinates  ~re der ivable  f rom admiss ible  ones by  a C~-traHsformatioI1 
and  are therefore  no t  admissible) ;  as a result ,  ISRAEL establishes the  junc t ion  

condi t ions  

(3) (Ag~) 2 = Ag~Ag~, ,  

(~) (±g~)~ = A g ~ g ~ , ,  

which  are weaker  t h a n  (1); t h e y  are for ins tance  satisfied if we t ake  A g l ~ :  0, 
1 ! 

Ag~4 ~ 0, Agll =/- 0, An44 :~ 0. 
However ,  when  work ing  for ins tance  wi th  co -mov ing  co-ordina tes  (T~4 ~ 0) 

it is no t  k n o w n  a priori  if t he  co-ordin~tes are der ivable  f rom admissible  ones 
by  ~ C 1- or ~ C°-tr~nsform~tion.  This h~s g iven  rise to con t roversy  as to the  cor- 

rec tness  of the  O p p e n h e i m e r - S n y d e r  solut ion (in which  AgH ~ 0) and  to  at- 
t e m p t s  by  HOYLE-NARLH;AR (4), MCV1TTE (~) and  NARI~X~ (¢') to  propose  dif- 
f e ren t  solutions.  

This pape r  deals w i th  the  condi t ions  to  be imposed  on the  met r ic  in the  

co -mov ing  case so as to  ensure  the  exis tence of an  admissible sys t em of eo-ordi- 

n,~tes obtgina.ble b y  a eo-ordin~te  t r ans fo rma t ion .  

2. - Assumptions. 

W e  shall no t  assume the  con t inu i ty  of the  met r i c  g,~ at  the  jml(. t ion hyl)er- 
surface;  we shall  howe ve r  assume:  

(4) ]~. t{OYLE and J. V. NARLIKAI~: Proc. Roy. Sot., A 278, 465 (1964). 
(5) G. C. McVITTIE: ~Jstrophys. Journ., 140, 401 (1964). 
(6) H. NARIAI: Progr. Theor. Phys., 34, 173 (1965). 
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1) The cont inui ty  of the co-ordinates x ~ across the junct ion hypersurface.  

2) Tha t  the induced 3-metric on the junct ion hyperstu 'faee is the  same 
for bo th  sides of the hypersurface  (it can be shown tha t  this assumpt ion  is 
implied in assumpt ion  1)). 

3) The junct ion hypersurface  has for equat ion r I - -R  = const, the  same 
for bo th  sides of the  hypersurface.  

Assumpt ion  2) means  t ha t  the  junct ion 2-surface is at  rest  in our sys tem of 
co-ordinates.  

4) We shall suppose tha t  the metr ic  is of the form 

(5) 

(6) 

- -  A + dr2 - -  B +  ( dO 2 -k  sin20 dg~ 2) Jr C+ d t  ~ 

_ A - d r  ~ _ B - ( d O  ~ + sin20 dq~ ~) + C - d r  ~ , 

the signs + and  - -  indicat ing the solution on one side or ano ther  of the junc- 
t ion hypersurfaee.  

Any  co-moving spherical ly symmetr ic  solution can be pu t  into this form. 
I n  fact  a change of co-ordinates can be made  with two a rb i t r a ry  functions 
r ~ r(~,  t); t - - - - t (~ ,  t) which allows us therefore  to impose two conditions for 
determining these functions.  We can therefore  always impose as conditions 
the  co-moving one T~ = 0 as well as the vanishing of the coefficient of d r d t  

in the metr ic  tensor. 

3. - The junc t ion  condi t ions .  

The induced metr ic  on the hypersurface  r ~ R by  the two solutions 
and  (6) is 

(7) - - B  + d(2 2 + C+dt 2 , 

(8) - - B -  dY22 + C - d t  2 

(5) 

(with d Y 2 2 = d O 2 - k s i n 2 0 d q ; ~ ) ,  therefore we mus t  have on the hypersurfaee,  
according to assumpt ion  1): 

(9) [ B + =  B - J ,  [ C + :  C- J ,  

(an equat ion be tween square  brackets  will indicate  tha t  the quant i t ies  are cal- 
culated a t  the hypersurface  r : _R) .  

Applying the t rans format ion  

(10) r = p(~, t ) ,  t : q(~, t) 
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on tile - - m e t r i c  (6) and the fransformation 

(11) r = 1(~, i ) ,  t = g(L i) 

on tile + metric (5), we go over to normal Gaussian co-ordinates which are 

characterized in our case by 

( 1 2 )  g i 1 -  1 , g14 = 0 . 

In  the new system of co-ordinates we can impose that  the jun(-tion hyper- 

surface be also characterized by r - -  R. The condition gH--  I ('an be w r i t t e n  

(13) A +  /~ - -  C+ g~ = 1 ,  

(14) A - p ~  - -  C -  q~ = 1 

(the lower indices indicate part ial  differentiation). 

The condition g~4--0 leads to 

(15) A + / ~  1~ - -  C+ g~g2 = 0 ,  

(16) A - p , p ~  - -  C - q l q 2  = 0 

We have therefore fore' partial-differential equations to determine the four 

unknown funct ions / ,  g, p and q. The Cauchy initial data  on the jmletion hyl)er- 
surface may be determined from (10) and (11); we obtain 

(17) / ( n ,  i) = R ,  

( 1 8 )  g(R,  t) = i ,  

( 1 9 )  p ( R ,  i) = R ,  

(20) q(R, i )=  

(eqs. (18) and (20) may always be imposed by a. t ransfornmtion of the time (.o- 

ordinate not involving the radial co-ordinate). 
The four partial-differential equations with their Cauchy dat~ should de- 

termine the solution; however, the Lichnerowicz conditions impose the con- 
t inui ty of the metric coefficients and their first deriw~tives in the ease of Gaus- 

sian co-ordinates. We must  therefore impose the followintz: 

17 - I1 Nuoro  Cimenlo B. 
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These conditions may  be wri t ten  as follows: 

(21) [B+ f~ + B+ gl = B-p1 + B-ql] , 

(22) [C+ g~ + 2 , - - A  ]~= C-q~ - -A-p~] 

+ 3 0 + + 3 + -- 2 (23) [ C~ g2+-C g~g~.~-- A1]~--  2A ]2/~1= C-( q~÷ 2C-q2q21-- A1 P2-- 2A-p~p21] . 

Wi th  the additional conditions (21), ( 22 )and  (23), the problem of deter- 
mining the four functions ], g, p and q becomes over-determined so tha t  we 
must  find out the compatibi l i ty  conditions. Let  us remark tha t  the Cauchy 
data  (17) and (19) impose already 

(24) [/2 = P~ = 0] ,  

in consequence of which the  partial-differential  equations (15) and (16) lead to 

(25) [g~ = q~ = 0] 

(the al ternat ive [g2 or q2--0]  is forbidden by  (18) and (20)). Moreover, we 
have f rom the Cauchy data  (18) and (20) 

(26) [g2 = q2 = 1] .  

The additional conditions (21), (22) and (23) become 

(27) [B+]I = B[ p l ] ,  

(2s)  [ c  ÷ g~ = c -  q~],  

(29) + 2 [ C 1 g~ C[ q~] , or [C +-~ C~-]. 

Equa t ion  (28) is always satisfied and does not  represent  an addit ional  
condition. 

Taking into account tha t  f rom (13) and (14) we have 

(30) [A+]~ = 1 ] ,  and [A-p~ : 1] ,  

we m ay  write instead of (27) 

(31) [(B+)2/A+= (B:)2/A-] . 

Conditions (29) and (31) are necessary for the compatibi l i ty of the partial- 
differential equation (13), (14), (15) and (16) and their  Cauehy data  (17), (18), (19) 
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a n d  (20) w i t h  t h e  a d d i t i o n a l  cond i t i ons  (21), (22) a n d  (23); the  snf l ic iency 

of (29) a n d  (31) is obv ious  if we see t h a t  once  t h e y  a re  sa t i s f ied ,  the  a d d i t i o n a l  

cond i t i ons  (21), (22) a n d  (23) b e c o m e  m e r e  consequences  of t h e  pa r t i a l -d i f f e -  

r e n t i a l  e q u a t i o n s  a n d  t h e i r  Ca uehy  d a t a .  W e  m a y  t h e r e f o r e  s t a t e :  

Two m e t r i c s  of t h e  fo rm (5) a n d  (6) j o i n e d  a t  an  hypersm.fa( ,e  of e q u a t i o n  

r = R - - e o n s t  a n d  having '  t he  s ame  i n d u c e d  m e t r i c  on t h e  h y p e r s u r f a e e  can  

be  t r a n s f o r m e d  to  a n  admis s ib l e  s y s t e m  of c o -o rd ina t e s  if  t h e  cond i t i ons  (29) 

a n d  (31) a re  sa t i s f i ed ;  these  cond i t i ons  a re  neces sa ry  a n d  sufficient .  

Since  t h e  i d e n t i t y  of t he  i n d u c e d  m e t r i c  imp l i e s  t he  c o n t i n u i t y  of B a n d  ¢,', 

t h e  j u n c t i o n  c o n d i t i o n s  are  in  our  case  

(32) [B+= B- l ,  [C÷= C-l, [C$ = C:], [(~:):/A÷= (]~-)~/A-]. 

4. - The matching problem in the Oppenheimer-Snyder solution. 

These  r e su l t s  Mlow us to  se t t l e  t h e  c o n t r o v e r s y  t h a t  has  been  r a i s ed  (7) 

a b o u t  t h e  O p p e n h e i m e r - S n y d e r  (~) s o l u t i o n  g i v e n  b y  

( 3 3 )  - 
\~,-] 

(34) A + =  (B+)2/4B + , 

(35) C + = 1 , 

(36) B - =  - -  ( 2 m ) ' ~ t ~ d  ~ 

(37) A - =  (B-Z)2/4B - , 

(3s) c -  = 1 .  

I t  is seen b y  i n s p e c t i o n  t h a t  a l l  t i le  j u n c t i o n  cond i t i ons  (32) a re  sa t i s f ied :  

we can  t h e r e f o r e  s ay  t h a t  t h e  O p p e n h e i m e r - S n y d e r  so lu t ion  is a co r r ec t l y  

m a t c h e d  so lu t ion  in  t h e  L ichne rowiez  sense.  

The  same  c a n n o t  be  sa id  a b o u t  t h e  H o y l e - N a r l i k a r  (4) p r o c e d u r e .  T h e y  

a p p l y  on the  c o - m o v i n g  so lu t ion  a t r a n s f o r m a t i o n  of c o - o r d i n a t e s  t h a t  d e s t r o y s  

t h e  c o - m o v i n g  c h a r a c t e r  of t he  so lu t ion  in  o rde r  to  be  ab le  to  m a t c h  i t  to  t he  s t a t i e  

f o rm  of S c h w a r z s c h i l d ' s  e x t e r i o r  so lu t ion .  I n  such a case  i t  is not  enou~'h to  

(7) H. NARIAI: Progr. Theor. Phys. ,  34, 155 (1965). 
(s) j .  R. OPPENIIEIMER and H. SNYDER: Phys. t}ec., 56, 455 (1939). 
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ensure  the  c o n t i n u i t y  of the met r i c  b u t  we have to secure two a d d i t i o n a l  con- 

d i t ions  t h a t  have  b e e n  es tab l i shed  by  ISRAEL (~). These cond i t ions  t h a t  are 

weaker  t h a n  the  r e q u i r e m e n t  of c o n t i n u i t y  for the first de r iva t ives  are no t  ful- 

filled in  the  case of the  H o y l e - N a r l i k a r  solut ion.  

As to )[CVITTE (5)~ he Goes over to n o n o r t h o g o n a l  co-ord ina tes  in  which  

he succeeds to secure the  c o n t i n u i t y  of the  met r i c  coefficients a n d  the i r  space 

der iva t ives .  However ,  un l ike  wha t  is the  case in  the  co -mov ing  o r thogona l  co- 

ord ina tes ,  i t  is necessary  here to secure the  c o n t i n u i t y  of the  t ime  der iva t ives  

of the  met r ic  coefficients. Not  h a v i n g  done this,  3 [cVi t t e ' s  so lu t ion  is no t  

correct ly  ma tched .  

Remark. The co -mov ing  cond i t ion  T] = 0 has no t  been  used  in  the  deri- 

v a t i o n  of the j u n c t i o n  condi t ions  (32); therefore,  these j u n c t i o n  condi t ions  

are wd id  in  all  spher ica l ly  s y m m e t r i c  cases in  which the j u n c t i o n  surface is 

a t  rest  ( inc lud ing  of course the co -mov ing  case). 

R I A S S U N T O  (*) 

Si stabiliscono le condizioni ehe assieurano la possibilith di passare alle coordinate 
ammissibili (nel senso di Liehnerowiez) nel easo di coordinate ehe si muovano assieme. 
Si dimostra ehe la soluzione di Oppenheimer e Snyder ~J eorrctta e ehe non sono neees- 
sarie dclle modifiehe. Si dimostra ehe le modifiehe tentate non sono eorrette. 

(*) T r a d u z i o n e  a c u r a  d e l l a  R e d a z i m ~ e .  

YCYlOBHH ClIIHBKH ~.Jl~l cdpepHqeCKH CHMMeTpHqHOFO nemecTna 

B COIlyTCTBylOIHHX Koop~HHP, TaX. 

Pe3mMe (*). - -  ~ n n  cnyqaa  CoIIyTCTByrOmHX KoopJ2HHaT ycxaHaBnnBarorcn yC~OBn~, 

06ecnewHBaromne BO3MO)KHOCTb n e p e x o a a  K ~onycTFIMblM Koop~HHaTaM (B CMbICJIe 

flnLuHepoBnqa). ~oKa3bIBaeTCn, qXO peRIeHI4e OnneHre~[Mepa-CHg~epa flBJIf[IOXClq Kop- 

peKTHO nOao6paHHbIMa H He Hy)K~alOTCfl B H3MeHeHHRX. 1-loKa3btBaeTcfl, qTO npeanpH- 
HRTBIe BFI~OH3MeHeHH~/ RB.rI~ItOTCf[ ReKoppeKTHbIMI4. 

(') Hepeoec)euo pec)amtueft. 


